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Abstract
In the present paper, we deform isolated singularities of f Ng, where f and g are
2-variable weighted homogeneous complex polynomials, and show that there exists
a deformation of f Ng which has only indefinite fold singularities and mixed Morse
singularities.
1. Introduction
Let f (z) be a complex polynomial of variables z D (z1, : : : , zn). A deformation
of f (z) is a polynomial mapping Ft W Cn  R! C, (z, t) 7! Ft (z), with F0(z) D f (z).
Assume that the origin o is an isolated singularity of f (z). For complex singularities,
it is known that there exist a neighborhood U of the origin and a deformation Ft of
f (z) such that Ft (z) is a complex polynomial and any singularity of Ft (z) is a Morse
singularity in U for any 0 < t  1 [9, Chapter 4]. Here a Morse singularity is the
singularity of the polynomial map f (z) D z21 C    C z2n at the origin. Let 1(x, y)
and 2(x, y) be real polynomial maps from R2n to R of variables x D (x1, : : : , xn)
and y D (y1, : : : , yn). Then these real polynomials define a polynomial of variables
z D (z1, : : : , zn) and Nz D (Nz1, : : : , Nzn) as
P(z, Nz) WD 1

zC Nz
2
,
z   Nz
2i

C i2

zC Nz
2
,
z   Nz
2i

,
where z j D x jCiy j ( j D 1,:::,n). The polynomial P(z, Nz) is called a mixed polynomial.
M. Oka introduced the terminology of mixed polynomials and proposed a wide class
of mixed polynomials which admit Milnor fibrations, see for instance [11, 12].
Let w be an isolated singularity of a mixed polynomial P(z, Nz), c D P(w, Nw) and
S2n 1w be the (2n   1)-dimensional sphere centered at w. If the link P 1(c) \ S2n 1w
is isotopic to the link defined by a complex Morse singularity as an oriented link, we
say that w is a mixed Morse singularity. In [6, Theorem 1], [7, Corollary 1, 2], there
exist isolated singularities of mixed polynomials whose homotopy types of the vector
fields introduced in [10] are different from those of complex polynomials. Thus there
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exist isolated singularities of real polynomial maps which cannot deform mixed Morse
singularities.
Let C1(X, Y ) be the set of smooth maps from X to Y , where X is a 2n-dimensional
manifold and Y is a 2-dimensional manifold. It is known that the subset of smooth maps
from X to Y which have only definite fold singularities, indefinite fold singularities or
cusps is open and dense in C1(X, Y ) topologized with the C1-topology. Moreover def-
inite fold singularities and cusps can be eliminated by homotopy under some conditions
[8, Theorem 1, 2], [15, Theorem 2.6]. In dim X D 4, the fibration with only indefinite
fold singularities and Morse singularities is called a broken Lefschetz fibration, which is
recently studied in several papers, see for instance [2, Theorem 1.1], [5, Theorem 1.1],
(cf. [1, Theorem 1]). We are interested in making deformations of singularities with only
indefinite fold singularities and mixed Morse singularities. This deformed map can be
topologically regarded as a broken Lefschetz fibration. If any singularity of a C1-map
f W X ! Y is an indefinite fold singularity or a mixed Morse singularity, we call f a
mixed broken Lefschetz fibration.
To know if a smooth map f W X ! Y has only fold singularities or cusps, we
observe f in the bundle of r -jets. We introduce the bundle J r (X, Y ) of r -jets and its
submanifolds Sk(X, Y ) and S21 (X, Y ) for k D 1, 2. Let j r f (p) be the r -jet of f at p
and set
J r (X, Y ) WD
[
(p,q)2XY
J r (X, Y, p, q),
where J r (X, Y, p, q) D { j r f (p) j f (p) D q}. The set J r (X, Y ) is called the bundle of
r-jets of maps from X into Y . It is known that J r (X, Y ) is a smooth manifold. The
r-extension j r f W X ! J r (X, Y ) of f is defined by p 7! j r f (p) where p 2 X . The
1-jet space is the (6nC 2)-dimensional smooth manifold and the 1-extension j1 f of f
is a smooth map. We define a codimension (2n   2C k)k-submanifold of J 1(X, Y ) for
k D 1, 2 as follows:
Sk(X, Y ) D { j1 f (p) 2 J 1(X, Y ) j rank d f p D 2   k}.
A smooth map f W X ! Y is said to be generic if f satisfies the following conditions:
(1) j1 f is transversal to S1(X, Y ) and S2(X, Y ),
(2) j2 f is transversal to S21 (X, Y ),
where S1( f ) D {p 2 X j rank d f p D 1}, S21 ( f ) D S1( f j S1( f )) and S21 (X, Y ) is defined
as follows:
S21 (X, Y ) D
8


<


:
j2 f (p) 2 J 2(X, Y )
j1 f (p) 2 S1(X, Y ),
j1 f is transversal to S1(X, Y ) at p,
rank d( f j S1( f ))(p) D 0
9
>
>
=
>
>
;
.
It is well-known that a smooth map f W X ! Y is generic if and only if each singularity
of f is either a fold singularity or a cusp. Here a fold singularity is the singularity
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of (x1, : : : , x2n) 7!
 
x1,
P2n
jD2 x
2
j

and a cusp is the singularity of (x1, : : : , x2n) 7!
 
x1,
P2n
jD3 x
2
j C x1x2 C x
3
2

, where (x1, : : : , x2n) are the coordinates centered at the
singularity. If the coefficients of x j for j D 2,:::,2n is either all positive or all negative,
we say that x is a definite fold singularity, otherwise it is an indefinite fold singularity.
Now we state the main theorems. Let f (z) and g(z) be weighted homogeneous com-
plex polynomials. Assume f (z) and g(z) have same weights. Then f (z)g(z) satisfies
f (c Æ z)g(c Æ z) D cpq(m n) f (z)g(z),
where c Æ z D (cq z1, cpz2), c 2 C and pqm and pqn are the degrees of the C-action
of f (z) and g(z) respectively. Then we have the Euler equality:
(pqm) f (z) D qz1  f
z1
C pz2
 f
z2
, (pqn)g(z) D qz1 g
z1
C pz2
g
z2
.
The mixed polynomial f (z) Ng(z) is a polar and radial weighted homogeneous mixed
polynomial, see Section 2.2 for the definitions. Polynomials of this type admit Milnor
fibrations [14, 3, 13, 11, 12].
We study singularities appearing in a deformation {Ft} of f (z) Ng(z) for any 0 <
t  1. The main theorem is the following.
Theorem 1. Let f (z) and g(z) be 2-variable convenient weighted homogeneous
complex polynomials such that f (z) Ng(z) has an isolated singularity at o and U be a
sufficiently small neighborhood of o. Assume that f (z) and g(z) have same weights
and the degree of the C-action of f (z) is greater than that of g(z). Then there exists
a deformation Ft (z) of f (z) Ng(z) such that any singularity of Ft (z) in U n {o} is an
indefinite fold singularity, Ft (o) D 0 and the link F 1t (0)\ S3"t is a (p(m n), q(m n))-
torus link, where S3
"t
 U is a sufficiently small 3-sphere centered at o for any 0 <
t  1.
As an application of Theorem 1, we show that there exists a deformation into
mixed broken Lefschetz fibrations.
Theorem 2. Let Ft (z) be a deformation of f (z) Ng(z) in Theorem 1. Then there
exists a deformation Ft ,s(z) of Ft (z) such that Ft ,s(z) is a mixed broken Lefschetz fi-
bration on U where 0 < s  t  1.
This paper is organized as follows. In Section 2 we introduce the definition of
higher differentials of smooth maps, define mixed Hessian H (P) of a mixed poly-
nomial P(z, Nz) and show properties of mixed Hessians to study singularities of mixed
polynomials. In Sections 3 and 4 we prove Theorems 1 and 2 respectively.
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2. Preliminaries
2.1. Higher differentials. In this subsection, we assume that X is an
n-dimensional manifold and Y is a 2-dimensional manifold. Let f W X ! Y be a smooth
map and d f W T (X ) ! T (Y ) be the induced map of f , where T (X ) and T (Y ) are the
tangent bundles of X and Y respectively. If QX is a bundle over X and  W QX ! W is
a map from QX to a space W , we denote by Xx and x D  jXx the fiber over x 2 X
and the restriction map of  to Xx respectively. We set the subset Sk( f ) of X as
Sk( f ) D {x 2 X j the rank of d fx D 2   k} (k D 0, 1, 2).
Note that S0( f ) is the set of regular points of f and S( f ) D S1( f ) [ S2( f ) is the set
of singularities of f .
The following notations are introduced in [8, Section 2]. Let U and V be small
neighborhoods of x 2 X and f (x) 2 Y such that f (U ) V . Since T (X )jU and T (Y )jV
are trivial bundles, we can choose bases {ui } and {v j } of the sections of these restricted
bundles such that
hui (x), uk (x)i D Æi,k for all x 2 U ,
hvi (y), vk (y)i D Æi,k for all y 2 V ,
where h , i denotes the pairing of a vector space with its dual, {ui } and {vj } are dual
bases of {ui } and {v j } respectively.
Choose coordinates {i } in U and { j } in V such that =i D ui , di D ui ,
(= j ) D v j and d j D vj . Then d f can be represented by
d f D
X
i, j
( j Æ f )
i
di 
 v j .
Set E D T (X )jS1( f ) and F D T (Y )j f (S1( f )). Then we can define the following
exact sequence
0 ! L ! E
d f
 ! F
1
 ! G ! 0,
where L D ker d f , G D coker d f and  is the linear map such that Im  D coker d f .
Let k 2 Xx , t 2 L x and ai, j D ( j Æ f )=i . We define the map '1W E ! L
F by
'
1
x (k, t) D
X
i, j
(hk, dai, j (x)iht , ui (x)i)v j (x)
D
X
i, j,m

hk, dm(x)i

2( j Æ f )
im
ht , di (x)i

v j (x)
and then define the map d2 f W E ! L 
 G by
d2 fx (k)(t) D 1('1x (k)(t)).
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By choosing bases of L x , Xx and Gx , the map d2 f determines a n (n 1) matrix
. j1 f is transversal to S1(X,Y ) at S1( f ) if and only if the rank of  is equal to n 1.
Moreover the singularity x 2 S1( f ) is a fold singularity if and only if the rank of 
is equal to n   1 and the dimension of the kernel of d2 fx restricted to L x is equal to
0 [8].
2.2. Polar weighted homogeneous mixed polynomials. Let P(z, Nz) be a poly-
nomial of variables z D (z1, : : : , zn) and Nz D (Nz1, : : : , Nzn) given as
P(z, Nz) WD
X
,
c
,z

Nz,
where z D z11    znn for  D (1, : : : , n) (respectively Nz D Nz11    Nznn for  D (1,
: : : ,n)). Nz j represents the complex conjugate of z j . A polynomial P(z, Nz) of this form
is called a mixed polynomial [11, 12]. If P((0, : : : , 0, z j , 0, : : : , 0), (0, : : : , 0, Nz j , 0, : : : , 0))
is non-zero for each j D 1, : : : , n, then we say that P(z, Nz) is convenient. A point
w 2 Cn is a singularity of P(z, Nz) if the gradient vectors of <P and =P are linearly
dependent at w. A singularity w of P(z, Nz) has the following property.
Proposition 1 ([11] Proposition 1). The following conditions are equivalent:
(1) w is a singularity of P(z, Nz).
(2) There exists a complex number  with jj D 1 such that

P
z1
(w), : : : , P
zn
(w)

D 

P
 Nz1
(w), : : : , P
 Nzn
(w)

.
Let p1, : : : , pn and q1, : : : , qn be integers such that gcd(p1, : : : , pn) D 1. We define
the S1-action and the R-action on Cn as follows:
s Æ z D (s p1 z1, : : : , s pn zn), s 2 S1,
r Æ z D (rq1 z1, : : : , rqn zn), r 2 R.
If there exist positive integers dp and dr such that the mixed polynomial P(z, Nz) satisfies
P(s p1 z1, : : : , s pn zn , Ns p1 Nz1, : : : , Ns p1 Nzn) D sdp P(z, Nz), s 2 S1,
P(rq1 z1, : : : , rqn zn , rq1 Nz1, : : : , rqn Nzn) D rdr P(z, Nz), r 2 R,
we say that P(z, Nz) is a polar and radial weighted homogeneous mixed polynomial.
If a polar and radial weighted homogeneous mixed polynomial P(z, Nz) is a complex
polynomial, we call P(z, Nz) a weighted homogeneous complex polynomial. Polar and
radial weighted homogeneous mixed polynomials admit Milnor fibrations, see for in-
stance [14, 3, 11, 12]. Suppose that P(z, Nz) is a polar and radial weighted homogeneous
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mixed polynomial. Then we have
dp P(z, Nz) D
n
X
jD1
p j

P
z j
z j  
P
 Nz j
Nz j

,
dr P(z, Nz) D
n
X
jD1
q j

P
z j
z j C
P
 Nz j
Nz j

.
If p j D q j for j D 1, : : : , n, the above equations give:
(1)
n
X
jD1
p j
P
z j
z j D
dp C dr
2
P(z, Nz).
The following claim says that the singularities of P(z, Nz) are orbits of the S1-action.
Proposition 2. Let P(z, Nz) is a polar weighted homogeneous mixed polynomial.
If w is a singularity of P(z, Nz), s Æ w is also a singularity of P(z, Nz), where s 2 S1.
Proof. Let w be a singularity of a polar weighted homogeneous mixed polynomial
P(z, Nz). Then there exists  2 S1 such that

P
z1
(w), : : : , P
zn
(w)

D 

P
 Nz1
(w), : : : , P
 Nzn
(w)

.
Since P(z, Nz) is a polar weighted homogeneous mixed polynomial, P=z j and P= Nz j
are also. Then we have
P
z j
(s Æ w) D sdp p j P
z j
(w), P
 Nz j
(s Æ w) D sdpCp j P
 Nz j
(w),
where j D 1, : : : , n and s 2 S1. So the above equations lead to the following equation:

P
z1
(s Æ w), : : : , P
zn
(s Æ w)

D (s 2dp)

P
 Nz1
(s Æ w), : : : , P
 Nzn
(s Æ w)

.
Since js 2dpj D 1, by Proposition 1, s Æ w is also a singularity of P(z, Nz).
2.3. Mixed Hessians. To study a necessary condition for P(z, Nz) so that the rank
of the representation matrix of d2 P is equal to n 1, we define the matrix H (P) as follows:
H (P) WD
0
B
B
B



2 P
z jzk
 

2 P
z j Nzk



2 P
 Nz jzk
 

2 P
 Nz j Nzk

1
C
C
C
A
,
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where P(z, Nz) is a mixed polynomial. We call the matrix H (P) the mixed Hessian of
P(z, Nz) and show some properties of H (P) to study singularities of P(z, Nz).
The next lemma is useful to understand the mixed Hessian of P(z, Nz).
Lemma 1. Let A and B be n  n real matrices such that det(AC i B) ¤ 0. Then
there exists a real number u0 such that det(A C u0 B) ¤ 0.
Proof. Let u be a complex variable. If B is the zero matrix, then det(AC u B) D
det(A C i B) ¤ 0. Suppose that B is not the zero matrix. By the assumption, det(A C
u B) is not identically zero. Since det(A C u B) is a polynomial of degree at most n,
the equation det(AC u B) D 0 has finitely many roots. Thus there exists a real number
u0 which is not a root of det(A C u B) D 0.
Let H
R
() denote the Hessian of a smooth function  W Rn ! R.
Lemma 2. Suppose that the rank of H(P) is 2n. By changing the coordinates of
R
2 if necessary, the rank of H
R
(=P) is 2n. By the same argument, we can also say
that by changing the coordinates of R2 if necessary, the rank of H
R
(<P) is 2n.
Proof. Recall that

z j
D
1
2


x j
  i

 y j

,

 Nz j
D
1
2


x j
C i

 y j

.
The second differentials of complex variables can be represented as follows:

2
z jzk
D
1
4


2
x jxk
 

2
 y j yk

 
i
4


2
 y jxk
C

2
x j yk

,

2
z j Nzk
D
1
4


2
x jxk
C

2
 y j yk

 
i
4


2
 y jxk
 

2
x j yk

,

2
 Nz jzk
D
1
4


2
x jxk
C

2
 y j yk

C
i
4


2
 y jxk
 

2
x j yk

,

2
 Nz j Nzk
D
1
4


2
x jxk
 

2
 y j yk

C
i
4


2
 y jxk
C

2
x j yk

.
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So the second differentials of a mixed polynomial P(z, Nz) satisfy the following equations:

2 P
z jzk
D
1
4


2
<P
x jxk
C

2
=P
x j yk
C

2
=P
 y jxk
 

2
<P
 y j yk

C
i
4

 

2
<P
 y jxk
 

2
=P
 y j yk
C

2
=P
x jxk
 

2
<P
x j yk

,

2 P
z j Nzk
D
1
4


2
<P
x jxk
 

2
=P
x j yk
C

2
=P
 y jxk
C

2
<P
 y j yk

C
i
4

 

2
<P
 y jxk
C

2
=P
 y j yk
C

2
=P
x jxk
C

2
<P
x j yk

,

2 P
 Nz jzk
D
1
4


2
<P
x jxk
C

2
=P
x j yk
 

2
=P
 y jxk
C

2
<P
 y j yk

C
i
4


2
<P
 y jxk
C

2
=P
 y j yk
C

2
=P
x jxk
 

2
<P
x j yk

,

2 P
 Nz j Nzk
D
1
4


2
<P
x jxk
 

2
=P
x j yk
 

2
=P
 y jxk
 

2
<P
 y j yk

C
i
4


2
< f
 y jxk
 

2
=P
 y j yk
C

2
=P
x jxk
C

2
<P
x j yk

.
The above equations show that the matrix H
R
(<P)C i H
R
(=P) has the form:
H
R
(<P)C i H
R
(=P)
D
0
B
B
B



2 P
z jzk
C

2 P
 Nz jzk
C

2 P
z j Nzk
C

2 P
 Nz j Nzk

i


2 P
z jzk
C

2 P
 Nz jzk
 

2 P
z j Nzk
 

2 P
 Nz j Nzk

i


2 P
z jzk
 

2 P
 Nz jzk
C

2 P
z j Nzk
 

2 P
 Nz j Nzk
 
 

2 P
z jzk
C

2 P
 Nz jzk
C

2 P
z j Nzk
 

2 P
 Nz j Nzk

1
C
C
C
A
.
We see that H
R
(<P) C i H
R
(=P) is congruent to the Hessian H (P). Therefore the
rank of H (P) is equal to the rank of H
R
(<P) C i H
R
(=P). We assume that the rank
of H (P) is equal to 2n. By Lemma 1, we can change the coordinates (w1, w2) of
R
2 as
(w1, w2) 7! (w1, w1 C u0w2)
such that u0 satisfies det(HR(<P) C u0 HR(=P)) ¤ 0. With these new coordinates,
P(z, Nz) satisfies det H
R
(=P) ¤ 0. Thus the rank of H
R
(=P)) is 2n.
We show a necessary condition of P(z, Nz) so that the rank of the representation
matrix of d2 P is equal to 2n   1.
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Lemma 3. Let w belong to S1(P). Suppose the rank of H (P) is 2n. The rank
of the representation matrix of d2 P is equal to 2n   1.
Proof. Since w 2 S1(P), one of grad(<P)(w) and grad(=P)(w) is non-zero. We
may assume that grad(<P)(w) is non-zero. By a change of coordinates of R2 as in the
proof of Lemma 2, we assume that the rank of H
R
(=P) is 2n. By change of coordi-
nates of R2n , we may further assume that <P=x1(w) ¤ 0 and write grad =P(w) D
s grad<P(w) for some s 2 R.
We then change the coordinates of R2n as follows:
Qx1 D
2n
X
lD1
<P
xl
(w)xl , Qx j D x j for j  2.
By an easy calculus, the gradient of <P at w is equal to (1, 0, : : : , 0).
We define the map  W R2n ! R2n by
( Qx1, : : : , Qx2n) 7! (<P, Qx2, : : : , Qx2n).
Since the Jacobi matrix of  at w is the identity matrix, there exists the inverse function
 
 1 on a neighborhood of w. Then the map (<P, =P) can be represented as follows:
(<P, =P) D P( Qx1, : : : , Qx2n)
D (P Æ   1) Æ  ( Qx1, : : : , Qx2n)
D (P Æ   1)(<P, Qx2, : : : , Qx2n).
Let (x 01, : : : , x 02n) be the coordinates of R2n given by
(x 01, : : : , x 02n) D (<P, Qx2, : : : , Qx2n).
Then there exists a map QW R2n ! R such that P Æ  1(x 01, : : : , y0n) D (x 01, Q(x 01, : : : , x 02n)).
Since the singularity w belongs to S1(P), the gradient of Q at w can be represented
by (s, 0, : : : , 0). Let (w1,w2) be the coordinates of R2. Set
P2n
jD1 a j (=x 0j ) 2 Xw, then
we have
d P
 2n
X
jD1

a j

x 0j

!
D ( 1 0    0 )
0
B

a1
.
.
.
a2n
1
C
A

w1
C ( s 0    0 )
0
B

a1
.
.
.
a2n
1
C
A

w2
D a1


w1
C s

w2

.
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So the kernel Lw of d P is
{
P2n
jD2 a j (=x 0j )

 a j 2 R
}
and the cokernel Gw of d P is
generated by =w2. By the definition of d2 P , we see that the representation matrix of
d2 P is the Hessian H
R
(Q) of Q taking away the first column with these basis. Thus
the rank of the representation matrix of d2 P is equal to 2n   1 if and only if the rank
of the Hessian H
R
(Q) of Q taking away the first column is 2n   1.
By the definition of Q(x 01, : : : , x 02n), Q(x 01, : : : , x 02n) D =P(x 01, : : : , x 02n). Therefore
the rank of the representation matrix of d2 P is equal to H
R
(=P) taking away the first
column. Since rankH
R
(=P) D 2n by the assumption, the rank of the representation
matrix of d2 P is equal to 2n   1.
3. Proof of Theorem 1
Let f (z) and g(z) be complex polynomials such that f (z) Ng(z) has an isolated singu-
larity at the origin. We define the C-action on C2:
c Æ (z1, z2) WD (cq z1, cpz2), c 2 C.
Assume that f (z) and g(z) are convenient weighted homogeneous complex polynomials,
i.e., f (c Æ z) D cpqm f (z) and g(c Æ z) D cpqng(z). Assume that m > n and q  p. We
prepare two lemmas.
Lemma 4. Let g(z) be a convenient weighted homogeneous complex polynomial
which has an isolated singularity at the origin. Then
det H
C
(g)(z) WD


2g
z1z1

(z)


2g
z2z2

(z)  


2g
z1z2

(z)


2g
z2z1

(z)
is not identically equal to 0.
Proof. Put g(z) DP j c j z
l j
1 z
k j
2 , where l1  2, k1 D 0 and l j > l j 0 for j < j 0. We
calculate the degrees
degz1


2g
z1z1

(z)


2g
z2z2

(z)
and
degz1


2g
z1z2

(z)


2g
z2z1

(z)
of z1. If k2  2, two degrees are l1C l2 2 and 2(l2 1) respectively. Since l1 is greater
than l2, two degrees are not equal. If k2 D 1, by using equation (1), l1 D l2 C (p=q).
If q is greater than p, l1 and l2 does not satisfy l1 D l2 C (p=q).
So we may assume that p D q, k2 D 1. Then g(z) has the form:
g(z) D (z1   Qcz2) Qg(z),
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where Qg(z) is a weighted homogeneous polynomial such that Qg(z) and z1   Qcz2 have
no common branches. On {(z1, z2) 2 C2 j z1   Qcz2 D 0}, det HC(g)(z) is equal to
 (Qc  Qg=z1 C  Qg=z2)2. If det HC(g)(z) is identically equal to 0, the differentials of
Qg(z) satisfy
Qc
 Qg
z1
C
 Qg
z2
D 0.
Since Qg(z) is a weighted homogeneous polynomial, by using equation (1), Qg(z) is equal to
1
n   1

z1
 Qg
z1
C z2
 Qg
z2

.
So Qg(z) vanishes on {(z1, z2) 2 C2 j z1   Qcz2 D 0}. Since Qg(z) and z1   Qcz2 have no
common branches, this is a contradiction. Thus det H
C
(g)(z) is not identically equal to
0 for l1  2.
We define the following matrix:
AD
0
B
B
B
B
B
B
B
B
B
B
B
B
B


2 f
z1z1
Ng 
p(m n) 1
z1
 f
z1
Ng

2 f
z2z1
Ng
 f
z1
g
z1
 f
z1
g
z2

2 f
z1z2
Ng

2 f
z2z2
Ng 
q(m n) 1
z2
 f
z2
Ng
 f
z2
g
z1
 f
z2
g
z2
 f
z1
g
z1
 f
z2
g
z1
f 
2g
z1z1
f 
2g
z2z1
 f
z1
g
z2
 f
z2
g
z2
f 
2g
z1z2
f 
2g
z2z2
1
C
C
C
C
C
C
C
C
C
C
C
C
C
A
,
where (q, p) are weights of f (z) and g(z). Suppose that g(z) does not have an isolated
singularity at the origin. By changing coordinates of C2, we may assume that g(z) has
the following form:
g(z) D 1z1 C 2zk2.
Lemma 5. Let g(z) D 1z1 C 2zk2 with k  2. Then the determinant of A is not
identically equal to 0.
Proof. The determinant of A is equal to
f 
2g
z2z2
N

2
1 Ng

2

2 f
z1z2
 f
z1
 f
z2
 


2 f
z1z1
 
m   2
z1
 f
z1

 f
z2
2
 


2 f
z2z2
 
k(m   1)   1
z2
 f
z2

 f
z1
2
.
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By the assumption, 2g=z2z2 ¥ 0. By using equation (1),

2 f
z1z1
D
m   1
z1
 f
z1
 
z2
kz1

2 f
z1z2
,

2 f
z2z2
D
(km   1)
z2
 f
z2
 
kz1
z2

2 f
z1z2
.
Then we have
2

2 f
z1z2
 f
z1
 f
z2
 


2 f
z1z1
 
m   2
z1
 f
z1

 f
z2
2
 


2 f
z2z2
 
k(m   1)   1
z2
 f
z2

 f
z1
2
D 2

2 f
z1z2
 f
z1
 f
z2
 
1
z1

 f
z1
 
z2
k

2 f
z1z2

 f
z2
2
 
k
z2

 f
z2
  z1

2 f
z1z2

 f
z1
2
D
1
z1z2

z2
p
k
 f
z2
C
p
kz1
 f
z1


2 f
z1z2

z2
p
k
 f
z2
C
p
kz1
 f
z1

 
p
k
 f
z1
 f
z2

.
Set f (z) DPmjD0 Æ j z j1zk(m  j)2 and l D min{ j j j ¤ 0, Æ j ¤ 0}. Then

2 f
z1z2

z2
p
k
 f
z2
C
p
kz1
 f
z1

 
p
k
 f
z1
 f
z2
has the following form:

2 f
z1z2

z2
p
k
 f
z2
C
p
kz1
 f
z1

 
p
k
 f
z1
 f
z2
D
p
kklm(m   l   1)Æ0Æl zl 11 z2km kl 12
C
p
kkl(m   l)(m   1)Æ2l z2l 11 z2k(m l) 12 C    .
If m l 1 ¤ 0,
p
kklm(m l 1)Æ0Æl ¤ 0. Thus the determinant of A is not identically
equal to 0. Suppose that m   l   1 D 0. Since m is greater than 1, det A ¥ 0.
To prove Theorem 1, we choose h(z) such that the determinant of H ( f Ng C th) is
not identically equal to 0. We divide the proof of Theorem 1 into two cases:
(1) g(z) is not a linear function,
(2) g(z) D 1z1 C 2z2.
3.1. Case (1). We define a deformation of f (z) Ng(z) as follows:
Ft (z) D f (z)g(z)C th(z),
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where h(z) D 1z p(m n)1 C 2zq(m n)2 and 0 < t  1. Let s be a complex number such
that jsj D 1. Then Ft (s Æ z) satisfies
Ft (s Æ z) D f (s Æ z) Ng(s Æ z)C th(s Æ z) D s pq(m n) Ft (z).
So Ft (z) is also a polar weighted homogeneous mixed polynomial. Suppose that m is
greater than n. Assume that f (z) Ng(z) and h(z) have no common branches.
Lemma 6. Let Ft (z) be the above deformation of f (z) Ng(z). If S2(Ft ) ¤ ;, S2(Ft )
is only the origin. If S2(Ft ) D ;, the origin is a regular point of Ft (z).
Proof. If w belongs to S2(Ft ), by Proposition 1, the singularity w satisfies
( f =z j )(w) Ng(w)C (th=z j )(w) D 0 and f (w)(g=z j )(w) D 0 for j D 1, 2. By using
equation (1), f (w) Ng(w) D 0 and th(w) D 0. By the assumption of h(w), w is equal to
the origin. Since the origin o is an isolated singularity of f (z) Ng(z), f (o)(g=z j )(o) D
0 for j D 1,2. If S2(Ft ) D ;, there exists j such that ( f =z j )(o) Ng(o)C(th=z j )(o) ¤
0. Thus the origin is not a singularity of Ft (z).
Set f (z) D a1z pm1 Ca2zqm2 C z p1 zq2 f 0(z) and g(z) D b1z pn1 Cb2zqn2 C z p1 zq2 g0(z), where
f 0(z) and g0(z) are weighted homogeneous complex polynomials.
Lemma 7. Suppose that  j is a coefficient of h(z) which satisfies <(a j b j= j ) > 0
for j D 1, 2. Then z1 and z2 are non-zero for any w D (z1, z2) 2 S1(Ft ) where 0 <
t  1.
Proof. Assume that w D (0, z2) 2 S1(Ft ). By Proposition 1 and Lemma 6, z2 ¤
0 and
qma2b2zqn2 Nz
qm 1
2 C tq(m   n)2 Nzq(m n) 12 D qna2b2zqm2 Nzqn 12 ,
where  2 S1. Then we have
(2) m a2b2
2
zqn2 Nz
qn
2 C t(m   n) D n
a2b2
2
zqm2 Nz
 qmC2qn
2 .
Since m is greater than n and  2 S1, the absolute value of m(a2b2=2)zqn2 Nzqn2 is greater
than that of n(a2b2=2)zqm2 Nz qmC2qn2 . We take 2 2 C which satisfies <(a2b2=2) > 0.
Then z2 does not satisfy equation (2). This is a contradiction. Suppose that w D
(z1, 0) 2 S1(Ft ). If we take 1 2 C which satisfies <(a1b1=1) > 0, the proof is analo-
gous in case w D (0, z2). Thus we show that coefficients 1 and 2 of h(z) such that
z1 and z2 are non-zero for any w D (z1, z2) 2 S1(Ft ).
We now consider h(z) satisfying the following condition:
(3) {det H (Ft ) D 0} \ S1(Ft ) D ;.
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Note that if h(z) satisfies the condition (3), the rank of the representation matrix of
d2 Ft is equal to 3 by Lemma 3.
Lemma 8. There exist coefficients 1 and 2 of h(z) such that <(a j b j= j ) > 0,
h(z) satisfies the condition (3) and, on S1(Ft ),
Ft (z) D f (z) Ng(z)C th(z) ¤ 0,
where j D 1, 2 and 0 < t  1.
Proof. We define the mixed polynomial 8(z, ) as follows:
8(z, ) D

 f
z1
(z)g(z)    f (z) g
z1
(z)

h
z2
(z)
 

 f
z2
(z)g(z)    f (z) g
z2
(z)

h
z1
(z),
where  2 S1. Since f and g are convenient, ( f =z j )(w)g(w)  f (w)(g=z j )(w) ¥
0 for j D 1, 2. So there exist 1 and 2 such that 8(z, ) is not identically equal to
0. If w is a singularity of Ft (z), there exists Q 2 S1 such that
 f
z1
(w)g(w)C t h
z1
(w) D Q f (w) g
z1
(w),
 f
z2
(w)g(w)C t h
z2
(w) D Q f (w) g
z2
(w).
So 8(z, ) vanishes on S1(Ft ).
We take a coefficient  j of h(z) which satisfies <(a j b j= j ) > 0 for j D 1, 2. By
using equation (1), Proposition 1 and Lemma 7, for any w 2 S1(Ft ) there exists  2 S1
which satisfies the following equalities:
pqm Nf (w)g(w)C pq(m   n)th(w) D  pqn f (w) Ng(w),(4)
t

2h
z jz j
D t
pq(m   n)   p j
p j z j
h
z j
D
pq(m   n)   p j
p j z j

N
Nf g
z j
 
 f
z j
Ng

,
(5)
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where p1 D q, p2 D p and j D 1, 2. By equation (4), Ft (z) satisfies
Ft (z) D f (z) Ng(z)C th(z)
D f (z) Ng(z)C 1
pq(m   n) ( pqm f (z) Ng(z)C N pqn
Nf (z)g(z))
D f (z) Ng(z)   m
m   n
f (z) Ng(z)C n
m   n
N
Nf (z)g(z)
D
 n
m   n
( f (z) Ng(z)   N Nf (z)g(z)).
So for w 2 S1(Ft ), Ft (w) is equal to 0 if and only if f (w) Ng(w)   N Nf (w)g(w) D 0 for
some  2 S1. By equation (5), the Hessian H (Ft ) of Ft (z) is equal to
0
B
B
B
B
B
B
B
B
B
B
B
B
B


2 f
z1z1
NgC
p(m n) 1
z1

N
Nf g
z1
 
 f
z1
Ng


2 f
z2z1
Ng
 f
z1
g
z1
 f
z1
g
z2

2 f
z1z2
Ng

2 f
z2z2
NgC
q(m n) 1
z2

N
Nf g
z2
 
 f
z2
Ng

 f
z2
g
z1
 f
z2
g
z2
 f
z1
g
z1
 f
z2
g
z1
f 
2g
z1z1
f 
2g
z2z1
 f
z1
g
z2
 f
z2
g
z2
f 
2g
z1z2
f 
2g
z2z2
1
C
C
C
C
C
C
C
C
C
C
C
C
C
A
at w 2 S1(Ft ). Let 9(z, ) be the determinant of the above matrix. Set 9(z, ) D
(1=z1z2)(92(z) N2C91(z) NC90(z)) where 9 j (z) is a mixed polynomial of z and Nz for
j D 0, 1, 2. Then we have
92(z) D {p(m   n)   1}{q(m   n)   1}( f (z))2( f (z))2 g
z1
(z) g
z2
(z)det H
C
(g)(z),
90(z) D z1z2 det A.
By Lemmas 4 and 5, either 92(z) or 90(z) is not identically equal to 0. So 9(z, )
is not identically equal to 0. We define the S1-action and the R-action on C2  S1
as follows:
s Æ (z1, z2, ) WD (sq z1, s pz2, s 2d f C2dg),
r Æ (z1, z2, ) WD (rq z1, r pz2, ),
where s 2 S1, r 2 R. Then f (z) Ng(z)   N Nf (z)g(z), 8(z, ) and 9(z, ) are polar and
radial weighted homogeneous mixed polynomials. Set V1 D {(z1, z2, ) 2 C2  S1 j
f (z) Ng(z)  N Nf (z)g(z) D 0} and V2 D {(z1, z2, ) 2 C2  S1 j z1z29(z, ) D 0}. Since z1
and z2 are non-zero on S1(Ft ) by Lemma 7, we may assume that z2 ¤ 0. Let (z1, z2,)
be a point of V j , where j D 1, 2. Set z1 D rqsq z01, z2 D r ps p and  D s 2d f C2dg0,
where s 2 S1, r 2 R. Then (z01, 1, 0) also belongs to V j . So we may assume that
z2 D 1. The dimension of V j \ (C  {1}  S1) is 1 for j D 1, 2. Then the curves V1
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and V2 have finitely many branches which depend only f (z) and g(z). On C{1} S1,
each branch of (V1 [ V2) is given by a convergent power series
k(u) D
 
X
l
alu
l
, 1,
X
l
blul
!
2 C  {1}  S1,
where 0  u  1 for k D 1, : : : , d.
Since the curves V1 and V2 have finitely many branches, we can choose coefficients
1 and 2 of h(z) such that, on C{1}S1, the intersection of (V1[V2) and {8(z,)D
0} is empty, i.e., 8(k(u)) ¤ 0 and <(a j b j= j ) > 0 for 0  u  1, k D 1, : : : , d and
j D 1, 2. Thus a deformation Ft (z) of f (z) Ng(z) satisfies the condition (3) and Ft (z) ¤ 0
on S1(Ft ).
Lemma 9. Let Ft (z) be a deformation of f (z) Ng(z) in Lemma 8. S1(Ft ) are in-
definite fold singularities.
Proof. By Proposition 2, S1(Ft ) is a union of the orbits of the S1-action. So a
connected component of S1(Ft ) can be represented by
(eiq z1, ei p z2),  2 [0, 2].
We first show that the differential of Ft jS1(Ft )W S1(Ft )! R2 is non-zero. On a connected
component of S1(Ft ), the map Ft has the following form:
Ft (eiq z1, ei p z2) D ei pq(m n) Ft (z1, z2).
Thus the differential of Ft satisfies
d Ft
d
(eiq z1, ei p z2) D i pq(m   n)ei pq(m n) Ft (z1, z2).
Since Ft (z) does not vanish on S1(Ft ), the differential does not vanish on S1(Ft ). Thus
any point of S1(Ft ) is a fold singularity.
Next we calculate the differential of jFt j2. Let S be a connected component of
S1(Ft ). Set the coordinates of C2 as follows:
z1 D r1e
iq
, z2 D r2e
i(pC )
,
where S D {(r 01eiq , r 02ei(pC
0)) j 0    2}. Since jFt j2 is constant on S1(Ft ),
jFt j2=  0. Then we have
jFt j2
z1
D
1
2
jFt j2
r1
e iq ,
jFt j2
 Nz1
D
1
2
jFt j2
r1
eiq .
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On S, second differentials of jFt j2 satisfy

2
jFt j2
z1 Nz2
D
1
4


2
jFt j2
x2r1
C i

2
jFt j2
 y2r1

e iq ,

2
jFt j2
 Nz1 Nz2
D
1
4


2
jFt j2
x2r1
C i

2
jFt j2
 y2r1

eiq .
So z1 jFt j2=z1 Nz2   Nz1 jFt j2= Nz1 Nz2 is equal to 0 on S. Since jFt j2= Nz2 is a polar
weighted homogeneous mixed polynomial, on S, jFt j2= Nz2 satisfies
p
jFt j2
 Nz2
D q

z1
jFt j2
z1 Nz2
  Nz1
jFt j2
 Nz1 Nz2

C p

z2
jFt j2
z2 Nz2
  Nz2
jFt j2
 Nz2 Nz2

D 0.
Thus z2 jFt j2=z2 Nz2   Nz2 jFt j2= Nz2 Nz2 is equal to 0 on S. Since mixed polynomial
z2 jFt j2=z2 Nz2   Nz2 jFt j2= Nz2 Nz2 is equal to
r2
2

cos(p C  ) jFt j
2
 y2  y2
  sin(p C  ) jFt j
2
x2  y2

C i
r2
2

sin(p C  ) jFt j
2
x2 x2
  cos(p C  ) jFt j
2
x2  y2

,
(jFt j2=x2x2)(jFt j2= y2 y2)   (jFt j2=x2 y2)2 is equal to 0 on S. Set a curve z(u) D
(w1, w2 C su), where s 2 C, 0  u  1 and (w1, w2) 2 S1(Ft ). Then we have

2
jFt j2
uu
(z(0)) D 
2
jFt j2
z2z2
(z(0))

dz
du
2
C 2

2
jFt j2
z2  Nz2
(z(0)) dz
du
d Nz
du
C

2
jFt j2
 Nz2  Nz2
(z(0))

d Nz
du
2
D
s2
4


2
jFt j2
x2 x2
 

2
jFt j2
 y2  y2
  2i

2
jFt j2
x2  y2

C
s Ns
2


2
jFt j2
x2 x2
C

2
jFt j2
 y2  y2

C
Ns2
4


2
jFt j2
x2 x2
 

2
jFt j2
 y2  y2
C 2i

2
jFt j2
x2  y2

.
Since
jFt j2
x2x2
jFt j2
 y2 y2
 
jFt j2
x2 y2)2
is equal to 0 on S, (2jFt j2=u u)(z(0)) is equal to
s2
4
 
s

2
jFt j2
x2x2
  i
s

2
jFt j2
 y2 y2
!2
C
s Ns
2


2
jFt j2
x2x2
C

2
jFt j2
 y2 y2

C
Ns2
4
 
s

2
jFt j2
x2x2
C i
s

2
jFt j2
 y2 y2
!2
D
1
4
(
s
 
s

2
jFt j2
x2x2
  i
s

2
jFt j2
 y2 y2
!
C Ns
 
s

2
jFt j2
x2x2
C i
s

2
jFt j2
 y2 y2
!)2
 0.
830 K. INABA
We consider the Hessian of jFt j2W R3 ! R, (r1,r2, ) 7! jFt j2(r1,r2, ). By changing
coordinates of (r2,  ), HR(jFt j2) is congruent to
0

a1 a2 a3
a2 a4 0
a3 0 0
1
A,
where a3 ¤ 0 and a4 > 0. Thus HR(jFt j2) is congruent to
H 0 D
0

a4 0 0
0 a3 0
0 0  a3
1
A
.
Since S is the set of the fold singularities of Ft , a3 and a4 are non-zero. So the matrix
H 0 has two positive eigenvalues and a negative eigenvalue. Thus we show that S1(Ft )
is the set of indefinite fold singularities.
3.2. Case (2). In this subsection, g(z) is equal to 1z1 C 2z2. Since we study
f (z) Ng(z), we may assume that g(z) D z1 C z2. We study the following deformation
Ft (z) of f (z)(z1 C z2):
Ft (z) WD f (z)(z1 C z2)C th(z),
where h(z) D zm1 Nz1 C zm 11 C  zm 12 . We study the rank of H (Ft ) and the differential
of Ft jS1(Ft ).
Lemma 10. There exists a coefficient  such that the singularities of Ft (z) in a
sufficiently small neighborhood U of o are indefinite fold singularities except for the
origin.
Proof. Set
8
0(z, ) WD

 f
z1
(z)g(z)    f (z)

h
z2
(z)
C


N
 f (z)    f
z2
(z)g(z)

h
z1
(z)   zm1

.
On S1(Ft ), there exists  2 S1 such that  depends on w 2 S1(Ft ) and 80(w, ) D 0.
Since det H (F0)  0, the determinant of H (Ft ) has the form:
t2m22z2m 21

 f
z2
2
.
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Suppose that  is a coefficient of h(z) which satisfies <( Na2= N ) > 0, where f (z) D
a1z
m
1 C a2z
m
2 C z1z2 f 0(z). By the same argument in Lemma 7, z1 is non-zero for any
S1(Ft ). Assume that  f =z2 D 0. Then we have
8
0(z, ) D

 f
z1
(z)g(z)    z1
m
 f
z1
(z)

h
z2
(z)C  N z1
m
 f
z1
(z)

h
z1
(z)   zm1

D (m   1) N

 f
z1
(z)g(z)    z1
m
 f
z1
(z)

Nzm 22
C 
N

z1
m
 f
z1
(z)(mz1 Nzm 11 C (m   1)Nzm 21   zm1 ).
Let U be a sufficiently small neighborhood of the origin o. Since f (z) has an isolated
singularity at the origin o and m is greater than 1, the intersection of {(z1, z2, ) 2 U 
S1 j  f =z2 D 0} and {(z1, z2,) 2 U  S1 j (z1=m)( f =z1)(z)(mz1 Nzm 11 C (m 1)Nzm 21  
zm1 ) D 0} is included in {o} S1. So (z1=m)( f =z1)(z)(mz1 Nzm 11 C (m 1)Nzm 21  zm1 )
is non-zero on {(z1, z2, ) 2 U  S1 j  f =z2 D 0} n {o}  S1.
Since  f =z2 is also a weighted homogeneous polynomial, we may assume that
 f =z2 has the following form:
 f
z2
D zm12
m2
Y
jD1
(z1 C  j z2).
We take a coefficient  as follows:
1
N
¤
 (m   1)(( f =z1)(z)g(z)   (z1=m)( f =z1)(z))Nzm 22

N
(z1=m)( f =z1)(z)(mz1 Nzm 11 C (m   1)Nzm 21   zm1 )
D
 (m   1)(( f =z1)(  j , 1)g(  j , 1)   0(  j=m)( f =z1)(  j , 1))
( 1)m 20 N(  j=m)( f =z1)(  j , 1)(m j Nm 1j r2 C (m   1) Nm 2j   0mj r2)
where , 0 2 S1, z1 D   jrei , z2 D rei for 0  r  1 and j D 1, : : : , m3. Hence
we can choose h(z) such that the intersection of {det H (Ft ) D 0} and {80(z, ) D 0}
is included in {o}  S1. The origin o is a regular point of Ft (z) or belongs to S2(Ft ).
Thus det H (Ft ) is non-zero on S1(Ft ).
On S1(Ft ), (m   1)Ft is equal to  ( f Ng C t zm1 Nz1) C N( Nf g C t z1 Nzm1 ). By the same
argument in Lemma 8, the intersection of {  f Ng C N Nf g D 0} and {80(z, ) D 0} is
included in {o} S1. Since t is sufficiently small, the intersection of { ( f NgC t zm1 Nz1)C
N( Nf gC t z1 Nzm1 ) D 0} and {80(z, ) D 0} is also included in {o} S1. Since Ft (z) is also
a polar weighted homogeneous mixed polynomial, we can show that the singularities
of Ft (z) are indefinite fold singularities, by using the same way as Lemma 9.
If the origin of C2 is a singularity of Ft (z), F 1t (0)\ S3"t is an oriented link in S3"t
for a sufficiently small "t . We study the topology of F 1t (0) \ S3"t .
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Lemma 11. The link F 1t (0) \ S3"t is a (p(m   n), q(m   n))-torus link.
Proof. The deformation Ft (z) of f (z) Ng(z) is a convenient non-degenerate mixed
polynomial in sense of [12]. Let 1 be the compact face of the Newton boundary of
Ft (z). Then the face function Ft1(z) is t(1z p(m n)1 C 2zq(m n)2 ). In [12, Theorem 43],
the number of the connected components of F 1t (0) \ S3"t is equal to that of F 1t1 (0) \
S3
"t
where 0 < "t  1. Since Ft1(z) D t(1z p(m n)1 C 2zq(m n)2 ) has m   n irreducible
components, the number of link components of F 1t (0) \ S3"t is equal to m   n. By
the choice of h(z), Ft1 is a polar weighted homogeneous polynomial. So F 1t1 (0) is
an invariant set of the S1-action. In [4], the connected component of F 1t1 (0) \ S3"t is
isotopic to a (p, q)-torus knot whose orientation coincides with that of the S1-action
and the linking numbers of components of F 1t (0) \ S3"t are equal to pq.
Proof of Theorem 1. The singularities of the deformation Ft (z) of f (z) Ng(z) except
for the origin are indefinite fold singularities by Lemma 8, Lemma 9 and Lemma 10.
The link F 1t (0) \ S3"t is a (p(m   n), q(m   n))-torus link by Lemma 11.
3.3. Examples. Set f (z) D zm1 C zm2 and g(z) D z1 C 2z2 where m  3. Two
polynomials f (z) and g(z) are convenient weighted homogeneous and f (z) Ng(z) has an
isolated singularity at the origin o. We consider a deformation Ft D f (z) Ng(z)Ct(zm1 Nz1C
zm 11 C  z
m 1
2 ) of f (z) Ng(z) where  ¤ 0. Then we have
8
0(z, ) D (m   1) N (m Nzm 11 g(z)    f (z))Nzm 22
C (2 f (z)   m Nzm 12 g(z))(mz1 Nzm 11 C (m   1)Nzm 21   zm1 ),
det H (Ft ) D 4t2m4z2m 21 z2m 22 .
So det H (Ft ) is equal to 0 if and only if z1 D 0 or z2 D 0. Since m is greater than 2,
8
0(z, )jz1D0 D  (m   1) N zm2 Nzm 22 and 80(z, )jz2D0 D  Nzm1 (mz1 Nzm 11 C (m   1)Nzm 21  
zm1 ). Hence (z1, z2, ) satisfies 80(z, ) D 0 and H (Ft ) D 0 in U if and only if z1 D
z2 D 0. Since the origin o does not belong to S1(Ft ), det H (Ft ) is non-zero on S1(Ft ).
If (z1, z2, ) satisfies   f Ng C  Nf g D 0, (z1, z2, ) can be represented by
z1 D zre
i
, z2 D re
i
,  D 
0e( 2mC2)i ,
where (zm C 1)(z C 2) D 0(zm C 1)(z C 2). We take a coefficient  of h(z) such that
N ¤
 (20 f (z, 1)   mg(z, 1))(mz Nzm 1r2 C (m   1)Nzm 2   0zmr2)
(m   1)(m Nzm 1g(z, 1)   0 f (z, 1)) .
Then Ft (z) is non-zero on S1(Ft ). Thus S1(Ft ) is the set of fold singularities and the
link S3
"
\F 1t (0) is a (m 1,m 1)-torus link, where S3" D {(z1, z2) 2 C2 j jz1j2Cjz2j2 D
"}, " 1.
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4. Proof of Theorem 2
Let Ft (z) be a deformation of f (z) Ng(z) in Theorem 1. In this section, we study
the deformation of Ft (z):
Ft ,s(z) WD f (z) Ng(z)C th(z)C sl(z),
where l(z) D c1z1 C c2z2, c1, c2 2 C n {0} and 0 < s  t  1. Suppose that c1 and
c2 satisfy
(i) {tdhh(z)Cs(qc1z1C pc2z2) D 0} and { f (z) Ng(z) D 0} have no common branches,
(ii) {(dh q)qc1z1C (dh  p)pc2z2 D 0} and { f (z) Ng(z) D 0} have no common branches,
where dh D pq(m n) and 0 < s  t  1. The mixed Hessian H (Ft ,s) of Ft ,s is equal
to H (Ft ,0). To prove Theorem 2, we first show that non-isolated singularities of Ft ,s(z)
are indefinite fold singularities.
Lemma 12. There exist c1 and c2 such that any point of S1(Ft ,s) is an indefinite
fold singularity, where 0 < s  t  1.
Proof. In the proof of Theorem 1, we proved that {det H (Ft ,0) D 0}\ S1(Ft ,0) D ;
and the differential of Ft ,0jS1(Ft ,0) is non-zero. So there exists a neighborhood UFt ,0 of
S1(Ft ,0) such that
{det H (Ft ,0) D 0} \UFt ,0 D ;,
d
dx01
Ft ,0(w) ¤ 0,
where x01 is a coordinate of S1(Ft ,0) in R4 and w 2 S1(Ft ,0). We take non-zero com-
plex numbers c1, c2 and sufficiently small positive real number s0 such that S1(Ft ,s) 
UFt ,0 for any 0 < s  s0. Then the intersection of S1(Ft ,s) and {det H (Ft ,s) D 0} is
empty. Thus j1 Ft ,s is transversal to S1(R4, R2) at S1(Ft ,s). We check the differential
of Ft ,s W S1(Ft ,s) ! R2. Let (x s1 , : : : , x s4) be a family of coordinates of R4, smoothly
parametrized by s, such that x s1 is the coordinate of S1(Ft ,s). Then we have
d Ft ,s
dx s1
D
Ft ,0
x01
x01
x s1
C    C
Ft ,0
x04
x04
x s1
C s

l
x01
x01
x s1
C    C
l
x04
x04
x s1

.
Since Ft ,0=x01 is non-zero on UFt ,0 , d Ft ,s=dx s1 is non-zero for 0 < s  1. Thus any
point of S1(Ft ,s) is a fold singularity.
By changing coordinates of R4 and R2, on UFt ,0 , we may assume that a point of
S1(Ft ,s) is equal to (x s1 , 0, 0, 0) and Ft ,s W R4 ! R2 has the following form:
Ft ,s D (x s1, It ,s(x s1 , x s2, x s3 , x s4)),
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where grad It ,s(w) D (0, 0, 0, 0) for any w 2 S1(Ft ,s). Set It ,s(x01 , : : : , x04 ) D It ,0(x01 , x02 ,
: : : , x04 )C s I 0t ,s(x01 , : : : , x04 ). Since S1(Ft ,0) are indefinite fold singularities, by choosing
suitable coordinates (x01 , x02 , x03 , x04 ), we may assume that
It ,s D  (x02 )2 C (x03 )2 C (x04 )2 C s I 0t ,s(x01 , : : : , x04 ).
Let (s1, s2, s3, s4) be a point of S1(Ft ,s). Then we have
 It ,s
x02
(s1, s2, s3, s4) D  2s2 C s
 I 0t ,s
x02
(s1, s2, s3, s4) D 0.
We first fix x01 , x03 and x04 , i.e., x01 D s1, x03 D s3 and x04 D s4. Since s is sufficiently
small,  It ,s=x02 satisfies
 It ,s
x02
D  2x02 C s
 I 0t ,s
x02
(s1, x02 , s3, s4)
D  2x02 C s
 I 0t ,s
x02
(s1, x02 , s3, s4)C 202   s
 I 0t ,s
x02
(s1, s2, s3, s4)
D  2(x02   s2)C s

 I 0t ,s
x02
(s1, x02 , s3, s4)  
 I 0t ,s
x02
(s1, s2, s3, s4)

D (x02   s2)

 2C s
( I 0t ,s=x02 )(s1, x02 , s3, s4)   ( I 0t ,s=x02 )(s1, s2, s3, s4)
x02   
s
2

< 0
for x02 > s2. Thus there exists a curve zs(u) D (s1, x2,s(u), s3, s4) on UFt ,0 such that
zs(0) D s2 and It ,s is monotone decreasing on zs(u), i.e., x2,s(u)  s2. Next we fix x01 ,
x02 and x04 . Then we can show that there exists a curve z0s(u) on UFt ,0 such that z0s(0) 2
S1(Ft ,s) and It ,s is monotone increasing on z0s(u). So S1(Ft ,s) is the set of indefinite
fold singularities.
Next we consider isolated singularities of Ft ,s(z). Then these singularities belong
to S2(Ft ,s). We study the topological types of the links at each point of S2(Ft ,s).
Lemma 13. Let Ft ,s(z) be a deformation of Ft (z) in Lemma 12. Then S2(Ft ,s) is
the set of finite mixed Morse singularities.
Proof. Let w D (w1, w2) be a point of S2(Ft ,s). If g(z) is not a linear func-
tion, f (w)(g=z j )(w) D 0 for j D 1, 2 by Proposition 1. Since g(z) has an isolated
singularity at o and f (o) D 0, f vanishes on S2(Ft ,s). By equation (1), w satisfies
f (w) Ng(w) D 0 and tdhh(w)C s(qc1z1 C pc2z2) D 0. Since c1 and c2 satisfy the condi-
tion (i), the number of S2(Ft ,s) is finite. If g(z) D z1 C z2, w satisfies
f (w)C wm1 D 0, f (w) N D 0.
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So f and w1 vanish on S2(Ft ,s). By Proposition 1 and equation (1), we have
m Nf (w)g(w)C t(m   1)(wm 11 C wm 12 )C mwm1 w1 C s(c1w1 C c2w2) D 0,
t(m   1)wm 12 C sc2w2 D 0.
Thus {(0, z2) j t(m   1) zm 12 C sc2z2 D 0} includes S2(Ft ,s). The number of S2(Ft ,s)
is finite.
Since f vanishes on S2(Ft ,s), H (Ft ,s) is equal to
H (Ft ,s) D
0
B
B
B
B
B
B
B
B
B
B
B
B


2 f
z1z1
Ng C t

2h
z1z1

2 f
z2z1
Ng
 f
z1
g
z1
 f
z1
g
z2

2 f
z1z2
Ng

2 f
z2z2
Ng C t

2h
z2z2
 f
z2
g
z1
 f
z2
g
z2
 f
z1
g
z1
 f
z2
g
z1
0 0
 f
z1
g
z2
 f
z2
g
z2
0 0
1
C
C
C
C
C
C
C
C
C
C
C
C
A
.
Assume that ( f =z j )(w)(g=zk )(w) D 0 for any j, k 2 {1, 2}. By using equation (1),
f (w)(g=z j )(w) D ( f =z j )(w) Ng(w) D 0. Hence w is a singularity of f (z) Ng(z) by
Proposition 1. Since f (z) Ng(z) has an isolated singularity at the origin, w is the origin.
Then we have
Ft ,s
z j
(w) D Ft ,s
z j
(o)
D
 f
z j
(o) Ng(o)C t h
z j
(o)C sc j
D t
h
z j
(o)C sc j ¤ 0,
where 0 < s  t  1. The origin o does not belong to S2(Ft ,s). This is a contra-
diction. So there exist j, k 2 {1, 2} such that ( f =z j )(w)(g=zk)(w) is non-zero
at w 2 S2(Ft ,s). Assume ( f =z2)(w)(g=z1)(w) is non-zero. If g(z) is not a linear
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function, we calculate H (Ft ,s) by using equation (1).
H (Ft ,s) 
0
B
B
B
B
B
B
B
B
B
B
B
B

h1,1 h1,2 pqm f g
z1
pqm f g
z2

2 f
z1z2
Ng

2 f
z2z2
Ng C t

2h
z2z2
 f
z2
g
z1
 f
z2
g
z2
 f
z1
g
z1
 f
z2
g
z1
0 0
 f
z1
g
z2
 f
z2
g
z2
0 0
1
C
C
C
C
C
C
C
C
C
C
C
C
A

0
B
B
B
B
B
B
B
B
B
B
B
B

h01,1 h1,2 pqm f
g
z1
pqm f g
z2
h1,2

2 f
z2z2
Ng C t

2h
z2z2
 f
z2
g
z1
 f
z2
g
z2
pqm f g
z1
 f
z2
g
z1
0 0
pqm f g
z2
 f
z2
g
z2
0 0
1
C
C
C
C
C
C
C
C
C
C
C
C
A
,
where
h1,1 D q(pm   1)  f
z1
Ng C tq(p(m   n)   1) h
z1
,
h1,2 D p(qm   1)  f
z2
Ng C tp(q(m   n)   1) h
z2
and
h01,1 D ((pm   1)q2z1
 f
z1
C (qm   1)p2z2  f
z2
Ng
C t

(p(m   n)   1)q2z1 h
z1
C (q(m   n)   1)p2z2 h
z2

.
Since f vanishes on S2(Ft ,s), h01,1 is equal to

(pm   1)q2z1  f
z1
C (qm   1)p2z2  f
z2

Ng
C t

(p(m   n)   1)q2z1 h
z1
C (q(m   n)   1)p2z2 h
z2

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D

(p(m   n)   1)q2z1  f
z1
C (q(m   n)   1)p2z2  f
z2

Ng
C t

(p(m   n)   1)q2z1 h
z1
C (q(m   n)   1)p2z2 h
z2

C

pq2nz1
 f
z1
C p2qnz2
 f
z2

Ng
D

(p(m   n)   1)q2z1  f
z1
C (q(m   n)   1)p2z2  f
z2

Ng
C t

(p(m   n)   1)q2z1 h
z1
C (q(m   n)   1)p2z2 h
z2

C pqn

qz1
 f
z1
C pz2
 f
z2

Ng
D {pq(m   n)   q}qz1

 f
z1
Ng C t
h
z1

C {pq(m   n)   p} pz2

 f
z2
Ng C t
h
z2

C p2q2mn f Ng
D  s{(dh   q)qc1z1 C (dh   p)pc2z2},
where dh D pq(m   n). Hence we have
H (Ft ,s) 
0
B
B
B
B
B
B

 s{(dh q)qc1z1C (dh  p)pc2z2} h1,2 0 0
h1,2

2 f
z2z2
Ng(w)C t 
2h
z2z2
 f
z2
g
z1
0
0
 f
z2
g
z1
0 0
0 0 0 0
1
C
C
C
C
C
C
A
.
Since c1 and c2 satisfy the condition (ii), the Hessian H (Ft ,s) is congruent to
H (Ft ,s) 
0
B
B
B
B
B
B

 s{(dh   q)qc1z1 C (dh   p)pc2z2} 0 0 0
0 0
 f
z2
g
z1
0
0
 f
z2
g
z1
0 0
0 0 0 0
1
C
C
C
C
C
C
A

0
B
B

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0
1
C
C
A
at w 2 S2(Ft ,s). If g(z) is a linear function, we use the same method of non-linear
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cases. So H (Ft ,s) is congruent to
0
B
B

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0
1
C
C
A
.
By the same argument, we can check that if either
 f
z1
(w) g
z1
(w),  f
z1
(w) g
z2
(w)
or
 f
z2
(w) g
z2
(w)
is non-zero, H (Ft ,s) is congruent to the above right-hand matrix. We change the co-
ordinates of C2 such that, at the singularity of Ft ,s(z), the mixed Hessian H (Ft ,s) is
equal to
0
B
B

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0
1
C
C
A
.
We identify C2 with R4. Then H
R
(<Ft ,s)C i HR(=Ft ,s) has the following form:
H
R
(<Ft ,s)C i HR(=Ft ,s) D
0
B
B

1 0 1 0
0 1 0 1
i 0  i 0
0 i 0  i
1
C
C
A
0
B
B

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0
1
C
C
A
0
B
B

1 0 i 0
0 1 0 i
1 0  i 0
0 1 0  i
1
C
C
A
D
0
B
B

1 1 i i
1 0  i 0
i  i  1 1
i 0 1 0
1
C
C
A
D
0
B
B

1 1 0 0
1 0 0 0
0 0  1 1
0 0 1 0
1
C
C
A
C i
0
B
B

0 0 1 1
0 0  1 0
1  1 0 0
1 0 0 0
1
C
C
A
.
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Since H
R
(<Ft ,s) and HR(=Ft ,s) are regular matrices, <Ft ,s and =Ft ,s are Morse
functions. Put R D
0

1  1 0 0
0 1 0 0
0 0 1 1
0 0 0 1
1
A, we have
tRH
R
(<Ft ,s)R D
0
B
B

1 0 0 0
 1 1 0 0
0 0 1 0
0 0 1 1
1
C
C
A
0
B
B

1 1 0 0
1 0 0 0
0 0  1 1
0 0 1 0
1
C
C
A
0
B
B

1  1 0 0
0 1 0 0
0 0 1 1
0 0 0 1
1
C
C
A
D
0
B
B

1 0 0 0
0  1 0 0
0 0  1 0
0 0 0 1
1
C
C
A
.
Hence there exist the coordinates of R4 such that <Ft ,s has the following form:
<Ft ,s D x21   x
2
2   y
2
1 C y
2
2 .
On the other hand, the Hessian of =Ft ,s is congruent to
tRH
R
(=Ft ,s)R D
0
B
B

1 0 0 0
 1 1 0 0
0 0 1 0
0 0 1 1
1
C
C
A
0
B
B

0 0 1 1
0 0  1 0
1  1 0 0
1 0 0 0
1
C
C
A
0
B
B

1  1 0 0
0 1 0 0
0 0 1 1
0 0 0 1
1
C
C
A
D
0
B
B

0 0 1 2
0 0  2  3
1  2 0 0
2  3 0 0
1
C
C
A
.
So the 2-jet j2=Ft ,s(w) of =Ft ,s at w is equal to j2= QFt ,s(w), where = QFt ,s D 2(x1 y1 C
2x1 y2   2x2 y1   3x2 y2).
Put z j D x j C iy j for j D 1, 2. We calculate QFt ,s(z) WD <Ft ,s C i= QFt ,s on a neigh-
borhood of w:
<Ft ,s C i= QFt ,s D x21   x
2
2   y
2
1 C y
2
2 C 2i(x1 y1 C 2x1 y2   2x2 y1   3x2 y2)
D (x1 C iy1)2   (x2 C iy2)2 C 4i(x1 y2   x2 y1   x2 y2)
D z21   z
2
2 C 4i

z1 C Nz1
2
z2   Nz2
2i
 
z2 C Nz2
2
z1   Nz1
2i
 
z2 C Nz2
2
z2   Nz2
2i

D z21   2z
2
2   2z1 Nz2 C 2z2 Nz1 C Nz
2
2.
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We define a family of mixed functions:
Ft ,s, WD QFt ,s C  ft ,s ,
where ft ,s D Ft ,s   QFt ,s and 0    1. Since Ft ,s, is true non-degenerate for any
0    1 in sense of [12], there exist a positive real number r0 such that the sphere
S3r with 0 < r  r0 intersects F 1t ,s, (0) transversely. Set
K

D {(z1, z2) 2 S3r j Ft ,s, (z1, z2) D 0},
QK D {(z1, z2,  ) 2 S3r  [0, 1] j Ft ,s, (z1, z2) D 0}.
Then the projection  W QK ! [0, 1] is a fiber bundle by the Ehresmann fibering theorem
[16]. Thus K0 is isotopic to K1.
We change coordinates of C2:
v1 D z1   Nz2, v2 D z2.
Then QFt ,s is equal to v21 C 2v1v2. So the algebraic set {(v1, v2) j v21 C 2v1v2 D 0} has
two components:
{v1 D 0}, {(v1, v2) D (2Qrei 0 ,  Qre3i 0) j 0 < Qr , 0   0  2}.
We define the S1-action on C2:
(v1, v2) 7! (Qsv1, Qs3v2), Qs 2 S1.
Then the set of the zero points of QFt ,s(z) is an invariant set of the S1-action. So the
link of QFt ,s(z) is the Seifert link in [4]. Since two components of the link of QFt ,s are
trivial knots and the absolute value of the linking number is 1, w defines a Hopf link
as an unoriented link.
Let B4
Æ
be the 4-dimensional ball such that F 1t ,0 (0) \ B4Æ is isotopic to F 1t1 (0) \
B4
Æ
and the intersection of B4
Æ
and the singularities of Ft ,s(z) is equal to S2(Ft ,s),
where Ft1(z) is the face function of Ft (z). The restricted map Ft ,s W B4
Æ
! D2 is an
unfolding of F 1t1 (0) \ B4Æ in the sense of [10]. By Lemma 11, F 1t1 (0) \ B4Æ is iso-
topic to the (p(m n),q(m n))-torus link whose orientations coincide with that of links
of holomorphic functions. Then there exists an unfolding which has only positive Hopf
links and the enhancement to the Milnor number is equal to 0 [10, Theorem 5.6]. Note
that the enhancement to the Milnor number is a homotopy invariant of fibered links.
Assume that there exists singularities of Ft ,s(z) such that they define negative Hopf
links. Then the enhancement to the Milnor number is positive [10, Theorem 5.4]. The
homotopy type of F 1t ,0 (0) \ B4Æ is different from that of links of holomorphic func-
tions. By Lemma 11, this is a contradiction. Any point of S2(Ft ,s) defines a positive
Hopf link. Thus w is a mixed Morse singularity.
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Proof of Theorem 2. Let l(z) D c1z1Cc2z2 be a linear function in Lemma 12. Any
point of S1(Ft ,s) is an indefinite fold singularity. By Lemma 13, isolated singularities of
Ft ,s(z) are mixed Morse singularities. Thus Ft ,s(z) is a mixed broken Lefschetz fibration.
4.1. Examples. Let Ft be a deformation of f Ng in Section 3.3. We consider a
deformation Ft ,s D Ft C s(c1z1 C c2z2) of Ft , where 0  s  t  1. Suppose that c1
and c2 satisfy c2=c1 ¤ 2 and ( c2=c1)m ¤  1. Then S1(Ft ,s) is the set of indefinite
fold singularities and S2(Ft ,s) is the set of mixed Morse singularities.
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